We study the pion leading-twist distribution amplitude (DA) within the framework of SVZ sum rules under the background field theory. To improve the accuracy of the sum rules, we expand both the quark propagator and the vertex (z · ↔
I. INTRODUCTION
The pion distribution amplitude (DA) is an important element for applying the QCD factorization theory and QCD light-cone sum rules (LCSR) to exclusive processes involving pion. For examples, it is important for understanding the semi-leptonic decays B → πlν and D → πlν, the pion-photon transition form factor (TFF) F πγ (Q 2 ), the exclusive process B → ππ, and etc.. Inversely, one can make use of all those processes to obtain stringent constraints on the pion DA [1, 2] . Because of its simplest structure, the pion leading-twist DA has attracted much attention after the pioneering works done by Refs. [3] [4] [5] . Unfortunately, at present, there is no definite conclusion on the behavior of pion leadingtwist DA. For example, the BABAR measurement for the pion-photon TFF [6] supports the Chernyak-Zhitnitsky (CZ)-like [5] behavior; while the corresponding data by the Belle Collaboration [7] supports the asymptotic-like behavior [3] .
The pion leading-twist DA at the scale µ can be expanded into a Gegenbauer polynomial as [8] ,
n (2x − 1) , (1) where the C 3/2 n (2x − 1) are Gegenbauer polynomials and the a π n (µ) are Gegenbauer moments. Theoretically, the Gegenbauer moments have been calculated by QCD * Electronic address: zhongtao@ihep.ac.cn † Electronic address: wuxg@cqu.edu.cn ‡ Electronic address: zgwang@aliyun.com § Electronic address: huangtao@ihep.ac.cn sum rules [9] [10] [11] [12] [13] and the lattice gauge theory [14] [15] [16] [17] . Phenomenologically, the Gegenbauer moments have also been estimated from the pion-photon transition form factor [18] [19] [20] [21] , the pion electromagnetic form factor [22, 23] , the B → π TFFs [24, 25] , and etc. Most of those estimations are consistent with each other within errors. It is noted that the central values of them are different from each other, especially, the lattice QCD estimations are bigger than those of QCD sum rules. Due to the forthcoming more accurate data, it is helpful to provide a more accurate theoretical prediction on the pion DA for a better comparison with the data.
Since its invention [26] , the Shifman-VainshteinZakharov (SVZ) sum rules has been widely adopted for dealing with the hadron phenomenology. In addition, the background field theory provides a systematic description for its key components, i.e. the vacuum condensates, from the viewpoint of QCD field theory [27] [28] [29] [30] [31] [32] . It assumes that the quark and gluon fields are composed of the background fields and the quantum fluctuations around them. Thus, to take the background field theory as the foundation for the QCD sum rules, it not only has distinct physical picture, but also greatly simplifies the calculation due to its capability of adopting different gauges for quantum fluctuations and background fields. The QCD sum rules within the background field theory has already been adopted to study the meson properties, cf.Refs. [33] [34] [35] [36] [37] [38] .
Previous sum rule estimations for the pion DA moments are usually done up to dimension-four condensates, or including part of the dimension-six condensates' contributions. In the present paper, we shall adopt the SVZ sum rules under the background field theory to make a detailed study on the pion leading-twist DA up to dimension-six operators. For the purpose, as the first time, we shall expand both the quark propagator and
n up to a more complex form with full dimension-six operators' contributions so as to achieve an accurate QCD sum rule estimation. We shall show that those dimension-six operators shall result in new dimension-six condensates that do provide sizable contributions and should be taken into consideration for a sound estimation, i.e. they shall bring sizable changes in our previous predictions on the pion DA behavior.
The remaining parts of the paper are organized as follows. In section II, we first present a brief introduction of the QCD sum rules and then provide the quark propagator and the vertex (z · ↔
D)
n up to dimension-six operators under the background field theory. In section III, we present the calculation technology for deriving the sum rules for pion leading-twist DA moments. Numerical results are given in section IV. Section V is reserved for a summary. For convenience, formulas for the propagators and the vacuum matrix elements in D-dimension space are presented in the appendix.
II. QUARK PROPAGATOR, VERTEX OPERATOR UNDER THE BACKGROUND FIELD THEORY
Within the SVZ sum rules, the hadrons are represented by their interpolating quark currents taken at large virtualities. The correlator of those currents can be treated within the operator product expansion, whose shortdistance coefficients are calculated using QCD perturbation theory, whereas its long-distance parts are written according to the non-perturbative but universal vacuum condensates, such as the quark condensate, the gluon condensate G 2 , and etc. Furthermore, under the background field theory, the quark and gluon fields are composed of background fields and quantum fluctuations around them. Because of the influence from background fields, the quark and gluon propagators shall include nonperturbative component inevitably, which however can be treated via a systematic way.
Within the background field theory, the gluon field A A µ (x) and quark field ψ(x) in the QCD Lagrangian or Green function should be replaced by
where in the right hand side of the arrow, A A µ (x) with (A = 1, · · · , 8) and ψ(x) indicate the background fields of the gluon and quark, respectively. φ A µ (x) and η(x) stand for the gluon and quark's quantum field, i.e., the quantum fluctuation on the background fields. The Lagrangian with the background field theory can be found in Ref. [31] . Usually, the background quark and gluon fields satisfy the following equations of motion
indicate the fundamental and adjoint representations of the gauge covariant derivatives respectively. As an advantage of the background field theory, one can take different gauges for dealing with the quantum fluctuations and background fields. More specifically, one can adopt the "background gauge" [27] [28] [29] [30] 
for the gluon quantum field, the Schwinger gauge or the "fixed-point gauge" [39]
for the background field.
A. Quark propagator under background field theory
Within the framework of the background field theory, the quark propagator would be affected by the background quark and/or gluon fields, which satisfies the equation
If taking
Eq. (7) can be changed as
where = ∂ 2 , and
Moreover, using the "fixed-point gauge" as shown in Eq.(6), the gluon background field can be expressed by the gauge invariant G µν;α1···αn as where G µν;α1···αn is a notation for (
, where the indexes α 1 · · · α n indicate the covariant derivative up to n-th order. Substituting Eq. (10) into Eq. (9), we obtain the expressions for D(x, 0). By further using Eq. (8), we can obtain the required quark propagator in the background field, which can be expressed as
The quark propagators with various gauge invariant tensors G µν;α1···αn that shall result in up to dimension-six operators are presented in Appendix A. The Feynman diagrams for the quark propagators (A2,· · ·,A14) that with various gauge invariant tensors are shown in Fig F (x, 0), respectively. The cross (×) attached to the gluon line indicates the tensor of the local gluon background field with "n" stands for n-th order covariant derivative.
Because the "fixed-point gauge", as indicated by Eq.(6), violates the translation invariance, the quark propagator from x to 0, S F (0, x), can not be directly obtained by applying the replacement x → −x in Eq. (11) . It can be related with S F (x, 0) via the relation [40] 
where C stands for the charge conjugation matrix and the symbol T indicates transpose of both the Dirac and the color matrices.
B. Vertex operator under background field theory
When applying the SVZ sum rules to calculate the moments of meson, one would encounter the vertex opera-
n , where Γ indicates some kind of Dirac matrices, e.g., Γ = zγ 5 for the pion leading-twist DA, Γ = γ 5 or σ µν γ 5 for the pion twist-3 DAs, and etc.. We have (13) where the · · · stands for the higher-order terms which are irrelevant for our present analysis and
We can expand the operator (z · 
D)
n under the background field theory up to dimension-six. The cross (×) attached to the gluon line indicates the tensor of the local gluon background field, in which "n" stands for n-th order covariant derivative.
n and G µν;ρ··· . For the purpose, we first
where the "underline" below B (or the latter x) indicates that the operation ∂ ↔ does not act on it. In deriving those equations, the following equation has been adopted,
By keeping only those terms that shall leads to operators up to dimension-six, we obtain
where the subscript k(m) with k = (1, · · · , 6) stands for the dimension of the operator, in which (m) stands for the m-th type of the operator with same dimension. For example, there is two type of dimension four operators, three type of dimension five operators and five type of dimension-six operators. Fig.(2) represents the Feynman diagrams for the vertex operator Γ(z·
n under the background field theory, where thirteen figures, i.e. Fig.(2a) , · · ·, Fig.(2m) 
, respectively. The cross (×) attached to the gluon line indicates the tensor of the local gluon background field with "n" stands for the n-th order covariant derivative. Considering the definition
where f π is the pion decay constant and the n-th order moments of the pion DA are defined as
Especially, the 0-th moment satisfies the normalization condition
To derive the sum rules for the pion leading-twist DA moments ξ n , we introduce the following correlation function (correlator),
where n = (0, 2, 4, · · ·), z 2 = 0 and the currents
In physical region, the correlator (18) can be treated by inserting a complete set of intermediate hadronic states, which can be simplified with the help of Eq. (15) as
where the quark-hadron duality has been adopt and s π stands for the continuum threshold.
On the other hand, we apply the OPE for the correlator (18) in deep Euclidean region. Substituting the replacement rules (2,3) into the correlator (18) and applying the corresponding Feynman rules, we obtain
The Feynman diagrams for the correlator (22) are showed in Fig.(3) , whose details are further presented in Figs.(4,5) . The solid and helical lines are for the quark and gluon propagators, respectively. The cross (×) symbol stands for the background quark field. The left big dot and the right big dot are the vertex operators
n and z /γ 5 , respectively. Fig.(3a) corresponds to the first term in Eq. (22), Fig.(3b) and its permutationdiagrams correspond to the second and third terms of Eq.(22), respectively.
As for Fig.(4) , we observe • Fig.(4a) provides the perturbative contribution, Figs.(4b,4r) provide the contribution proportional to the dimension-four condensate G 2 , Figs.(4c,4h,4m,4u) provide the contribution proportional to the dimension-six condensate As for Fig.(5) , we observe that
• Fig.(5a) provides the contribution proportional to the dimension three condensateand the dimension five condensate g sq σT Gq . Fig.(5b) provides the contribution proportional to either the dimension five condensate g sq σT Gq or the dimensionsix condensate g s2 .
• The remaining three diagrams (5c,5d,5e) provide the contribution proportional to the dimension-six condensate g s2 , where q = u, d.
We adopt the MS-scheme to deal with the infrared divergences emerged in Fig.(4) , whose divergent terms shall be absorbed into the poin DA following the way suggested by Ref. [41] . During the calculation,we shall meet with the following matrix elements: 
The formulas relating the first three vacuum matrix elements with the conventional condensates can be found in Ref. [37] , and the corresponding formulas for the remain-ing vacuum matrix elements under the D-dimensional space, D = 4 − 2ǫ, are presented in Appendix B. As a combination the correlator within different regions, the sum rules for the pion DA moments can be derived by the dispersion relation
where M is the Borel parameter and the Borel transformation operator
Our final result reads
where
,
.
As a final remark, we can obtain the Gegenbauer moments of the pion leading-twist DA with the help of ξ n . That is, by substituting Eq. (1) into Eq. (16), we have
IV. NUMERICAL ANALYSIS
To do the numerical calculation, we adopt [42] : m π = 139.57018±0.00035MeV and f π = 130.41±0.20MeV. As for the condensates,
• We adopt
which is derived from the current algebra [43] and the partially conserved axial current [44] .
• We adopt [45] ,
which is derived by using g sq σT Gq = m • As suggested in Ref. [47] , we adopt [48, 49] 
where ρ ≃ 2 − 3 [49] [50] [51] [52] . More definitely, we take [53] 
and= (−0.24 ± 0.01) 3 GeV 3 . And we take g s2 = (1.8 ± 0.7) × 10 −3 GeV 6 .
• Combining (B3) with (32), together with the ratio ss /= 0.74 ± 0.03 [45] , we obtain
and
The leading-order α s is fixed by α s (M Z ) = 0.1184 ± 0.0007 [54] and the renormalization scale is taken as µ = M . Usually, the continuum threshold s π is taken as the square of the first exciting state of pion, i.e., π(1300), which however may underestimate some continuum states' contributions. At the present, we determine the value of s π from the sum rules of the 0-th moment ξ 0 together with its normalization condition (17) , which leads to s π ≃ 1.1GeV
2 . 
We adopt the usual criteria to fix the Borel window for the moments ξ n , i.e. the continuum state's contribution is less than 40% of the total dispersion integration and the dimension-six condensate's contribution does not exceed 15%, 20% and 25% for the second, forth and sixth moments, respectively. We present the moments ξ n together with their Borel windows in Table I . From Table  I , we observe that the dimension-six condensates, such as g 2 s u,d,s g sψ ψ 2 , do provide sizable contributions to ξ n , i.e. they are comparable to the lower dimensional condensates' contributions. Fig.(6) shows that the first three moments of the pion leading-twist DA versus the Borel parameter M 2 , where the solid, the dashed and the doted lines are for second, forth and sixth moments, respectively. By taking all uncertainty sources into consideration, and adding the uncertainties in quadrature, we obtain whose errors are dominated by the uncertainties of the condensates α s G 2 , g s2 and g 2 s u,d,s g sψ ψ . The present results for µ = 1 GeV are obtained by first get the DA behavior with the help of the moments at µ = M and apply the pion DA running equation [3] to run the DA from µ = M to µ = 1 GeV, and then get the moments at µ = 1 GeV. Using those moments (36, 37, 38) , together with the formulas (27, 28, 29) , we can obtain the Gegenbauer moments a (1 GeV) = 0.24 ± 0.14 ± 0.08 [22] and 0.20 ± 0.03 [23] . A LCSR analysis on the pion transition form factor gives a π 2 (1 GeV) = 0.24 ± 0.14 ± 0.08 [22] , 0.19 ± 0.05 [18] , 0.32 [19] , 0.44 [20] and 0.27 [21] . A LCSR analysis on the B → πlν gives a π 2 (1 GeV) = 0.267 ± 0.228 [1] , 0.19±0.19±0.08 [24] and 0.17
+0.15
−0.17 [25] . It shows that our present estimation of a π 2 agrees with most of the estimations within errors derived in the literature. Especially, our central value is close to the Lattice QCD estimations [16, 17] . Following the idea of Ref. [1] , by including the correlation effect from the transverse distribution, we can construct a pion DA model as
where the light constitute quark m q ≃ 0.30 GeV, the error function Erf(x) = 
The parameters A π , β π , B 2 and B 4 can be fixed by the pion DA normalization, the constraint from π → γγ [55] and the above determined Gegenbauer moments a Table III .
V. SUMMARY
The background field theory provides an unambiguous physical picture for both the QCD physical vacuum and the SVZ sum rules. Under this framework, the OPE of the correlator can be calculated systematically. For the first time, we provide the quark propagator and the vertex up to dimension-six operators under the background field theory. It is noted that those newly dimension-six terms for the quark propagator are important for a sound estimation of a physics process up to dimension-six condensates. Because the mass terms are kept explicitly in the quark propagator, it is applicable for both the massless and massive cases.
In the present paper, we have studied the pion leadingtwist DA within the QCD sum rules under the background field theory. The resultant sum rules for the DA moments up to dimension-six condensates have been presented. It has been found that the dimension-six condensates can provide sizable contributions to the DA mo- As an application of the suggested pion DA model (39), we redraw the pion-photon TFF F πγ (Q 2 ) in Fig.(7) . All the formulas for F πγ (Q 2 ) can be found in our previous paper [1] , only one need to change the pion DA used there to be our present model. Fig.(7) indicates that in the large Q 2 region, the pion-photon TFF F πγ (Q 2 ) lies in between the Belle data and the BABAR data, which is consistent with the recent k T factorization estimation with the joint resummation [56] .
Within the framework of the background field theory, the full quark propagator with various gauge invariant tensors that shall result in up to dimension-six operators can be written as
in which the propagators with various gauge invariant tensors are 
while in Ref. [59] , the coefficient of the first term has been taken as 1.
As a final remark, by making use of the equation
we can obtain a useful relation
